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Abstract
The aerospace community, particularly in academia, has seen a recent rise in the
popularity of fixed-pitch quadrotor helicopters. The fixed-pitch quadrotor is popular
largely because of its mechanical simplicity relative to other hovering aircraft. This
simplicity, however, places fundamental limits on the achievable actuator bandwidth
and the types of maneuvers possible to fly. This thesis explores the extent to which
the addition of variable-pitch propellers to a quadrotor helicopter overcomes these
limitations.
A detailed analysis of the potential benefits of variable-pitch propellers over fixed-
pitch propellers for a quadrotor is presented. This analysis is supported with ex-
perimental testing to show that variable-pitch propellers, in addition to allowing for
efficient generation of negative thrust, substantially increase the maximum rate of
thrust change.
A nonlinear, quaternion-based control algorithm is presented for controlling the
quadrotor. An accompanying trajectory generation method is detailed with an op-
timization routine for finding minimum-time paths through waypoints. The control
law and trajectory generation algorithms are implemented in simulation and on a
custom variable-pitch quadrotor. The quadrotor attitude control is performed on the
vehicle using a custom autopilot. Position and attitude measurements are made with
an off-board motion capture system. Several flight tests are shown with a particular
emphasis on the benefits of a variable-pitch qaudrotor over a standard fixed-pitch
quadrotor for performing aggressive and aerobatics maneuvers. To the best of the
author’s knowledge, this work marks the first documented, autonomous variable-pitch
quadrotor built for agile and aggressive flight.
Thesis Supervisor: Jonathan P. How
Title: Richard C. Maclaurin Professor of Aeronautics and Astronautics
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Chapter 1
Introduction
1.1 Motivation
Research on and development of small and micro Unmanned Aerial Vehicles (UAVs)
has been increasing since the mid 1990s, primarily due to military interest and fund-
ing [3]. Among the many UAVs developed in recent years, a significant focus has been
placed on rotorcraft because of their abilities to hover in place and to takeoff and land
vertically. In particular, small, multi-rotor UAVs equipped with electric motors and
fixed-pitch propellers have gained popularity as experimental and hobby platforms
over the past 10-12 years. Fixed-pitch multi-rotor designs are mechanically simple
since they are completely controllable without the complexity of the control link-
ages and swashplate that are inherent in traditional pod-and-boom style helicopters.
Other than the motors themselves, there are no moving parts, making the vehicles
mechanically robust. Also, multi-rotor designs permit the use of smaller propellers
than those possible for similarly-size single-rotor helicopters, resulting in less kinetic
energy being stored in the blades and thus decreasing the potential for damage should
the blades come in contact with something or someone during flight.
The mechanical simplicity and robustness of fixed-pitch, multi-rotor vehicle de-
signs, however, places fundamental limitations on the achievable flight performance
of the vehicle. With fixed-pitch propellers and commonly utilized brushless motors
and electronic speed controllers (ESCs), thrust can only be generated in one direc-
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tion, thus preventing the multi-rotor vehicle from generating upward thrust (with
respect to the vehicle body). Also, the attainable control bandwidth with fixed-pitch
propellers is limited by the inertia of the motors and propellers. These limitations
restrict the aggressive and aerobatic maneuvers a multi-rotor helicopter can perform,
therefore limiting the future applicability of multi-rotor helicopters in agile intensive
missions.
This thesis explores the addition of variable-pitch propellers to an autonomous
quadrotor, a multi-rotor helicopter with four propellers. Variable-pitch propellers
largely overcome the limitations resulting from fixed-pitch flight. Reversed thrust
is efficiently achievable and control bandwidth is limited only by the speed of the
variable-pitch actuation, not by the inertia of the motor-propeller combination. While
variable-pitch propellers add some complexity to an otherwise simple and relatively
robust quadrotor helicopter, the advantages of increased controller bandwidth and
reverse thrust capabilities could justify the design when aggressive and agile flight is
required.
This thesis also explores autonomous control of quadrotor helicopters. In partic-
ular, with a few exceptions, autonomously controlled helicopters have not been able
to achieve the level of aerobatic and aggressive flight possible under the control of
expert remote control (RC) pilots. Therefore, advanced control laws and trajectory
generation methods are needed to take advantage of the increased hardware capabil-
ities of the variable-pitch quadrotor and to bridge the performance gap between fully
autonomous and remotely piloted helicopter flight.
1.2 Literature Review
Small, fixed-pitch quadrotors, developed primarily as toys, started gaining popularity
as research platforms around 2002 [4]. Since then, small fixed-pitch quadrotors have,
to a large extent, become the academic aerial research platform of choice. This is
primarily due, as mentioned above, to their extreme mechanical simplicity, low cost,
relative safety in the presence of humans, and ease of use indoors.
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In traditional fixed-pitch quadrotors, stability and flight control are achieved by
changing the voltage supplied to each of the four motors, inducing a change in the
motor revolutions per minute (RPM) and, correspondingly, the thrust generated by
each of the propellers. Several detailed descriptions of the modeling of quadrotors
and their dynamics have been published recently [5–8]. Also, considerable work exists
on various control schemes for controlling quadrotors [9–12]. Trajectory generation
for quadrotors has also been considered, with several results showing time-optimal
trajectory generation methods and corresponding tracking algorithms [13–15].
Controller bandwidth can be a significant problem for quadrotors, and becomes
an issue for quadrotor stability as the size of the quadrotor increases [16]. Larger
quadrotors require larger motors which, in turn, have larger inertias and cannot be
controlled as quickly as smaller motors. Eventually, as the size increases enough, the
quadrotor can no longer be stabilized through RPM control alone because the torque
required to change the rotational velocity of the motor quickly exceeds the capacity of
the motor. Thus, variable-pitch blades become necessary for larger quadrotors merely
for stabilization purposes.
Interestingly, the first recorded construction of a quadrotor helicopter was in 1922
when Georges de Bothezat and Ivan Jerome built and flew the “Flying Octopus” [17].
De Bothezat’s quadrotor was quite large (human-piloted) and utilized variable-pitch
propellers for control. The quadrotor project, funded by the United State Army, was
cancelled when the quadrotor proved difficult to fly and the military became more
interested in autogiros. Another, more successful, full-scale quadrotor (Convertawings
Model A) was built and flown by designer D. H. Kaplan in 1956 [18]. Cuts in defense
spending, however, again cancelled this project shortly after initial test flights.
Several smaller, unmanned, variable-pitch quadrotors have been developed in more
recent years. The HoverBot, developed by Johann Borenstein at the University of
Michigan around 1992, utilized variable-pitch propellers and electric motors. The
vehicle achieved promising results (no fully autonomous flights), but the project was
discontinued after only three months due to funding cuts [19]. Several hobbyists have
developed and are currently developing RC variable-pitch quadrotors and posting
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their results on on-line forums and discussion groups (see e.g. [20]). The Vehicle Con-
trol Systems Lab at the National Cheng Kung University developed an autonomous
variable-pitch quadrotor that demonstrated autonomous upright and inverted flight
and flips [21], although no work appears to have been published on the project.
The past several years have also seen a significant increase in the area of au-
tonomous aggressive, agile, and aerobatic flight, some of which has been demon-
strated on fixed-pitch quadrotors. Some of the first autonomous helicopter aerobatics
utilized “human-inspired” control logic where the controllers and control commands
were generated after analyzing inputs from expert RC pilots flying aggressive and aer-
obatic maneuvers [22]. This work was later extended to a general framework where
controllers were automatically generated for autonomous aerobatics given an expert
RC pilot demonstration [23]. These outdoor, single-rotor, pod-and-boom style he-
licopters demonstrated extremely agile flight with maneuvers such as rolls, tic-tocs,
hammerheads, and split-s’s. However, these maneuvers required the input of expert
pilots and were performed on relatively large outdoor helicopters.
Several research groups have successfully flown autonomous flips with fixed-pitch
quadrotors, including triple flips with rotational rates exceeding 1600 degree/second [24].
Also, fixed-pitch quadrotors have been shown to fly through windows, perch on in-
verted surfaces [25], fly through moving hoops [15], juggle balls [26], hold inverted
pendulums [27], and perform other aggressive, agile, and aerobatic tasks. These aer-
obatic and aggressive maneuvers, however, lag significantly behind the abilities of
single-rotor helicopters, primarily because fixed-pitch multi-rotor helicopters lack the
ability to generate negative thrust. This substantially hinders the flight envelope
of the vehicle, making maneuvers such as 180 degree flips, tic-toc’s, and split-s’s
impossible. Also, the fixed-pitch propellers make decelerating faster than gravity
difficult. (While fast decelerations have been demonstrated with fixed-pitch quadro-
tors, they require flipping the quadrotor upside down to generate the required force.
The flipping behavior is only beneficial if both the required decelerations and vertical
displacements are large [14].)
The main purpose of this thesis is to explore the extent to which adding variable-
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pitch propellers to a quadrotor overcomes the flight limitations of fixed-pitch quadro-
tors, specifically in the area of autonomous aggressive and aerobatic flight. To the
best of the author’s knowledge, this work marks the first documented, autonomous
variable-pitch quadrotor built for agile and aggressive flight.
1.3 Contributions
The main contributions of this thesis are threefold:
1. A theoretical and empirical comparison of variable-pitch versus fixed-pitch pro-
pellers for quadrotors is performed.
2. A robust controller and trajectory generation algorithm for a variable-pitch
quadrotor are developed.
3. Flight experiments are conducted on a custom variable-pitch quadrotor that
verify the analytical findings.
Much of the material presented in this thesis comes from previously published work [28–
30].
Chapter 2 gives an analysis of the dynamic differences in thrust output between
a fixed-pitch and variable-pitch propeller. This analysis is validated with both sim-
ulation and experimental results. It is shown that variable-pitch actuation has sig-
nificant advantages over conventional fixed-pitch configurations, including increased
thrust rate of change, decreased control saturation, and the ability to quickly and
efficiently reverse thrust. These advantages result in improved quadrotor tracking
of linear and angular acceleration command inputs in both simulation and hardware
testing.
Control and trajectory generation algorithms for a quadrotor helicopter are pre-
sented in Chapter 3. The control law is not based on near-hover assumptions, allowing
for large attitude deviations from hover. The trajectory generation algorithm fits a
time-parametrized polynomial through any number of waypoints in R3, with a closed-
form solution if the corresponding waypoint arrival times are known a priori. When
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time is not specified, an algorithm for finding minimum-time paths subject to hard-
ware actuator saturation limitations is presented. Attitude-specific constraints are
easily embedded in the polynomial path formulation, allowing for aerobatic maneu-
vers to be performed using a single controller and trajectory generation algorithm.
Chapter 4 details the design and construction of a custom variable-pitch quadrotor
built at the Aerospace Controls Lab (ACL). The vehicle is controlled using a custom
autopilot. An overview of the software infrastructure is also given.
Experimental results on the variable-pitch quadrotor demonstrating the control
design and trajectory generation method are given in Chapter 5. These results val-
idate the predicted performance increase of utilizing variable-pitch propellers over
fixed-pitch propellers.
Finally, some concluding remarks and suggestions for future work are presented
in Chapter 6.
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Chapter 2
Actuator Comparison
As discussed in Chapter 1, quadrotor helicopters are used almost specifically because
they are mechanically simple. Therefore, the addition of variable-pitch propellers to
a simple quadrotor, in a certain sense, undermines the original purpose of the vehicle,
and so the increased hardware complexity must be fully justified. In this chapter the
potential benefits of adding variable-pitch actuation to a quadrotor are explored, both
theoretically and experimentally. The variable-pitch propellers are shown to increase
actuator bandwidth and allow more aggressive flight paths, at the obvious expense of
somewhat more complicated hardware. The hardware trade-offs and complications
are discussed in Chapter 4.
This chapter is organized as follows. Section 2.1 details the aerodynamic effects of
adding a variable-pitch propeller to a quadrotor. These analytic results are verified
by motor hardware testing in Section 2.2. Simulations of the variable-pitch quadro-
tor compared with a fixed-pitch quadrotor are presented in Section 2.3 followed by
experimental results in Section 2.4. Finally, Section 2.5 summarizes the results and
advantages of variable-pitch actuation on a quadrotor.
2.1 Thrust Actuation
With fixed-pitch propellers, given a constant motor rotational rate, the thrust pro-
duced by the propeller is constant (assuming the quadrotor is near hover). The only
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way to change the thrust produced by the propeller is by changing the voltage to the
motor, thereby inducing a change in the rotational rate of the propeller.
Adding variable-pitch propellers to the quadrotor platform results in an additional
degree of freedom for varying the thrust produced by each motor-propeller combina-
tion. With variable-pitch propellers, thrust can be changed by either changing the
blade pitch or by changing the rotational rate of the motors. These two actuators, to
a large extent, overlap. For instance, with variable-pitch propellers a quadrotor can
hover by spinning the propeller quickly and with a low blade pitch or by slowing the
rotational rate of the motor and increasing the blade pitch. There are many com-
binations of motor speed and propeller pitch that yield identical thrust values. The
number of possible combinations are only limited by the maximum propeller pitch
(physical and aerodynamic limitations), the maximum available motor power, and
the available discretization in the hardware motor and pitch commands.
For the purposes of this analysis, the output of the quadrotor control algorithm
is assumed to be a desired thrust for each of the four motor/propeller combinations.
(The details of the control algorithms will be presented in Chapter 3.) This section
addresses the benefits of adding variable-pitch control to a quadrotor while addressing
the allocation problem of which actuator to use, pitch or motor speed, when a given
thrust value is desired.
2.1.1 Propeller Model
Analytical analysis of the variable-pitch actuation requires a detailed study of the
propeller aerodynamics. The propellers used on the variable-pitch quadrotor are sym-
metric, tapered, nine inch diameter blades and are shown in Figure 2-1. To determine
the lift and drag coefficients of the propellers to use in the analysis, an airfoil, operat-
ing Reynolds number, and Mach number must be selected. The maximum thickness
to chord ratio is 0.899, and so a NACA 0009 airfoil is chosen to model the propeller
airfoil. Assuming the blades are rotating at 8000 RPM, the Mach number near the
end of the blades is about 0.25. This gives an operating Reynolds number of around
100,000.
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Figure 2-1: The variable-pitch mechanism and corresponding propellers used. The
mechanism is commercial and is discussed in detail in Chapter 4.
Table 2.1: Propeller Aerodynamic Coefficients
CL0 CLa CLmin CLmax CD0 CD2u CD2l CLCD0 REref REexp
0.0 2.87 0.0 0.7 0.01 0.0408 0.0408 0.0 100,000 -0.5
Using XFOIL [31], aerodynamic coefficients for the propeller blades are determined
and, for reference, are displayed in Table 2.1.
2.1.2 Motor Model
The variable-pitch quadrotor, like most small, multi-rotor helicopters, utilizes brush-
less motors as brushless motors have higher torque and power for the same motor
weight when compared to brushed motors. Therefore, the motors are not actually
receiving a specific voltage that is proportional to motor speed as they are running.
Instead, electronic speed controllers carefully create three out of phase pulse width
modulated power signals that are sent to the motor. The power signals alternate the
polarity of the electromagnets on the motor stator which keep the rotor spinning. The
effective power that the motor sees, however, can be modelled as a constant voltage
supplied to the motor.
The motor is modeled by a circuit containing a resistor, inductor, and voltage
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Table 2.2: Motor Coefficients
KV (rad/s/volts) R (Ohms) i0 (Amps)
115.2 0.26 0.35
generator in series [32]. Kirchhoff’s law applied to the equivalent motor circuit yields
v = vR + vLm + e (2.1)
which can be rewritten as
v = Ri+ Lm
∂i
∂t
+
ω
KV
, (2.2)
where R is the motor internal resistance, L is the inductance, ω is the rotational rate
of the motor, and KV is the voltage constant of the motor, expressed in rad/s/volt.
As noted above, Equation 2.2 is an approximation for a brushless DC motor. A more
detailed analysis and full derivation of the equations for each of the phases of the
brushless motor are shown in [33]; however, the general governing equation presented
agrees with Equation 2.2.
The motor torque, TM , is modeled as being proportional to the difference between
the current, i, and the no-load current, i0, through the torque constant, KQ, expressed
in Amp/Nm.
TM =
(i− i0)
KQ
(2.3)
The motor dynamics are modeled as a simple first order differential equation in Eq 2.4
where ω˙ is driven by the motor torque and the load torque, TL. The inertia, I, includes
the motor and the propeller, TM comes from the voltage generator, and TL results
from the propeller drag.
Iω˙ = TM − TL (2.4)
Typically, the inductance of small, brushless hobby motors is negligible when com-
pared to the physical response of the system and so can be ignored [32]. Substituting
Equation 2.2 and 2.3 into Equation 2.4 and neglecting the inductance term yields the
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following differential equation for the motor speed, ω,
Iω˙ =
[(
v − ω
KV
)
1
R
− i0
]
1
KQ
− TL. (2.5)
Table 2.2 shows the motor coefficients for the AXI 2208/34 brushless motors used on
the variable-pitch quadrotor.
2.1.3 Nonlinear Motor-Propeller Model
QPROP [34] is used to determine the steady state values of the load torque due to the
drag, TL, and the lift, L, generated by the propellers as functions of ω and the pitch
angle, α. Figures 2-2-2-4 show the output of QPROP. In each plot, lines of constant
thrust (Newtons) are denoted by red numbers and lines of constant motor speed
(RPM) are denoted by blue numbers. The grey areas indicating operating regimes
that should be avoided due to motor vibrations and propeller stall. In Figure 2-
2, the approximate hover thrust required by each of the four motors is denoted by
the green line, indicating, as mentioned earlier, the many combinations of pitch and
voltage settings that could be used to hover. The plot also shows how thrust can
be increased from hover by either increasing motor voltage, increasing pitch, or by
increasing both. Figure 2-3 shows the same information as Figure 2-2, except here
the horizontal axis shows both positive and negative propeller pitch. One of the key
benefits of the variable-pitch propeller actuator is the ability to move anywhere on
this thrust plot. With fixed-pitch propellers the vehicle is restricted to moving only
vertically on this plot with a fixed propeller pitch.
In Figure 2-4 the vertical axis shows power consumed by the motor as a function of
propeller pitch. Another benefit of variable-pitch propellers over fixed-pitch propellers
is the ability to choose more efficient operating regimes based on vehicle loading.
Although not explored in this paper, Figure 2-4 suggests that propeller pitch could be
adjusted to more power efficient settings as the required thrust increases or decreases.
Assuming the quadrotor is near hover, the lift and drag generated by the propeller
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Propeller 
Stall
Hover Thrust
(1.3 N)
Excessive Vibration
Figure 2-2: Thrust (N), displayed with red numbers, and motor speed (RPM), dis-
played in blue numbers, as a function of voltage and pitch. Only positive propeller
pitch is displayed.
Propeller 
Stall 
Excessive Vibration 
Propeller 
Stall 
Figure 2-3: Same plot as Figure 2-2 but with both positive and negative pitch shown.
One of the fundamental benefits of the variable-pitch actuators for quadrotors is the
addition of negative thrust to the flight regime.
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Propeller 
Stall
Excessive Vibration
Max 
Efficiency
Figure 2-4: Thrust (N), displayed with red numbers, and motor speed (RPM), dis-
played in blue numbers, as a function of motor power and pitch. Only positive
propeller pitch is displayed.
is modeled by [35]
L = ρcR3pω
2CLα
α
3
(2.6)
TL = ρcR
4
pω
2
(
CD0 + CDiα
2
4
− CLααω
3Rp
)
. (2.7)
These equations show that the lift and drag produced by the motor-propeller com-
bination is affected by the motor speed, ω, and the propeller pitch angle, α. The
remaining terms in the two equations are all constants. Combining the constants and
calling them bL, bD1 , bD2 , and bD3 , Equation 2.6 and 2.7 are rewritten as
L = bLω
2α (2.8)
TL = bD1ω
2 + bD2ω
2α2 + bD3ωα (2.9)
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Table 2.3: Estimated Lift and Drag Coefficients
bL bD1 bD2 bD3
3.88e-07 9.96e-09 2.46e-10 4.33e-07
Using least-squares regression, the data generated by QPROP is used to estimate
these constants. The numerical values of the constants are shown in Table 2.3 for ref-
erence. Substituting Equation 2.9 into Equation 2.5 results in the following nonlinear
differential equation for ω˙.
Iω˙ =
[(
v − ω
KV
)
1
R
− i0
]
1
KQ
− bD1ω2 − bD2ω2α2 − bD3ωα (2.10)
2.1.4 Linearized Motor-Propeller Model
To develop further insights into the dynamics, the nonlinear equation for motor
speed (2.10) can be linearized about the hover conditions ω0 and α0. The result-
ing state-space system is
∆ω˙ = −1
I
[
1
RKVKQ
+ 2bD1ω0 + 2bD2ω0α
2
0 + bD3α0
]
∆ω
+
1
I
[
1
RKQ
−2bD2ω20α0 − bD3ω0
]∆v
∆α
 (2.11)
∆L =
[
2bLω0α0
]
∆ω +
[
0 bLω
2
0
]∆v
∆α
 . (2.12)
The output of this system of equations is the change in lift (∆L) generated by the
propellers; the two inputs are the change in applied motor voltage (∆v) and change
in propeller pitch (∆α).
These linearized equations encapsulate one of the fundamental differences be-
tween variable-pitch and fixed-pitch actuators. With a fixed-pitch propeller, thrust
is increased by increasing the motor voltage. This motor voltage is applied in Equa-
tion 2.11 and first increases the motor speed, which, in turn, increases the thrust
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Figure 2-5: Simulated thrust and motor speed responses to step increases in motor
voltage and propeller pitch (the steps occur at 0.2 seconds). The thrust instanta-
neously increases with increasing pitch but is filtered by the motor dynamics with
increasing motor voltage.
output. Thus, the thrust rate of change is fundamentally limited by the dynamics
of the motor. However, with a variable-pitch actuator, there is a significant non-zero
direct feed-through term in the lift output equation (2.12). Any change in the pitch
of the blades directly affects lift, bypassing the motor dynamics. Of course, increasing
the pitch of the propellers negatively impacts the speed of the motor and therefore
negatively impacts the lift produced, but that decrease in lift is first filtered through
the motor dynamics. As long as the mechanism for actuating pitch is fast when com-
pared to the response of the motor, varying the pitch of the blades results in faster
changes in thrust than varying the motor voltage.
Nonlinear simulation results from the data generated by QPROP for lift and motor
speed responses to steps in voltage and pitch are shown in Figure 2-5. The direct
feed-through from pitch to lift is apparent as the lift instantaneously increases when
the step in pitch is commanded. The lift then decreases as the increased torque on
the motor slows the motor down to the new steady state value.
Graphically, these two different actuators are shown in Figure 2-2. The blue line
indicates a step in voltage from hover while the red line represents a corresponding
step in pitch from the same initial conditions. The diagonal green line shows a
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similar change in thrust by using both voltage and pitch inputs. The issue of control
allocation and deciding which actuator to use is discussed in Section 2.1.6.
2.1.5 Hardware Effects
The linearized equations of motion in Equation 2.11 and 2.12 make a number of sim-
plifying assumptions. In addition to the error introduced through linearization, the
model assumes both voltage and pitch can be changed instantaneously and continu-
ously. In reality, the voltage to the motor first passes through the dynamics of the
electronic speed controller (ESC). Bench tests suggest that the dynamics of the ESC
can be approximated as a rate limiter of 70 volts/sec. Also, on the actual quadrotor,
the propeller pitch is actuated by a digital servo. The servo dynamics are approxi-
mately modeled by a rate limit and a small lag. No load specifications on the servos
indicate a rate limit of about 900 degrees/sec. Bench test data indicates that the
loaded response is roughly 70% of that value.
Actuator update rates can also affect the time responses of the two actuators.
Bench testing of fixed-pitch quadrotors has demonstrated that increasing the update
rate of the command signal to the ESC from 200 Hz to 500 Hz greatly improves the
visible hover performance of the vehicle. The ESC’s on the variable-pitch quadrotor
are controlled over an I2C bus and accept updates at up to 1000 Hz. The servos,
however, accept PWM commands at a maximum of 333 Hz. Assuming the attitude
loop is running at 1000 Hz or faster, the ESCs can accept commands three times as
fast as the servos.
Figures 2-6(a) and 2-6(b) show the same step responses from Figure 2-5 with
the effects of the rate limiters, the servo lag and the delay. The delay is modeled
as a zero-order hold (ZOH). Digital control theory [36] indicates that a ZOH is well
modeled as a delay of one half of the update rate of the actuator. To analyze a
worst-case scenario, the ZOH from the update rate is modeled with a delay equal to
the update rate of the actuator. Figure 2-6(c) shows the effects of this worst-case
analysis of the update rates. The thrust initially increases faster when the voltage is
changed, but the servo quickly overtakes it. The initially faster change in thrust with
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(a) Simulated thrust response to steps in voltage
and pitch.
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(c) Zoomed in thrust response showing the effects
of the actuator digital update rates.
Figure 2-6: Simulated thrust and motor speed responses to step increases in motor
voltage and propeller pitch (the steps occur at 0.2 seconds). Here rate limit, servo
lag, and delay effects are modeled. Even with these effects modeled, varying propeller
pitch still yields substantially faster changes in thrust than varying motor voltage.
voltage control may improve flight during maneuvers such as hovering where small,
fast thrust changes are required to fly smoothly.
2.1.6 Control Allocation
Deciding which thrust actuation mechanism (varying voltage or varying pitch) or
combination of the two to use depends on a number of factors, including what the
control objectives are. For instance, if you are concerned about minimizing power con-
sumption, Figure 2-4 suggests keeping the blade pitch between 12-18 degrees when
hovering since the constant thrust lines have minimum power in this range. However,
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Figure 2-7: Simulated thrust and motor speed responses to step increases in motor
voltage and propeller pitch (the steps occur at 0.2 seconds). Changing thrust by
varying both motor speed and propeller pitch significantly reduces the effects of motor
dynamics, yielding clean, fast changes in thrust.
if you are concerned about the ability to quickly increase the thrust of the motors,
hovering with a lower pitch and higher RPM allows you to increase the pitch more be-
fore stalling the propellers. In other words, the motor-propeller combination contains
more kinetic energy at hover that can be quickly converted into thrust by increasing
the propeller pitch.
Agile and aggressive flight requires quick changes in thrust [9]. It follows that for
agile flight the kinetic energy stored in the motor should be maximized. As indicated
in Figure 2-2, bench tests show that vibration from the motors becomes excessive
for the frame and autopilot around 8000 RPM, placing an upper limit on the kinetic
energy that can be stored in the motor. Keeping the energy high under varying pitch
values implies that the power to the motor must be adjusted to compensate for the
varying propeller load.
One strategy for agile flight is to always keep the motor speed at its upper limit.
Given a nominal hovering thrust, TL0 , and maximum motor speed, ωmax, the required
hover voltage, v0, is found using Equation 2.5. Let ∆TL be the required change in
thrust to go from hover to a new thrust set point. The corresponding required change
in motor voltage to ensure a constant steady state motor speed is found by solving
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Equation 2.5 for ∆v when ω˙ = ∆ω = 0. Thus,
∆v = RKQ∆TL, (2.13)
is the required change in voltage as the pitch is changed to keep the RPM constant.
Adding power to the motor as the pitch is increased to keep the motor speed constant
is effectively canceling the effects of the motor dynamics. Figures 2-7(a) and 2-7(b)
demonstrate that this strategy increases the thrust quickly while avoiding a RPM
and thrust decrease after the increase in pitch. As depicted in Figure 2-2 with the
diagonal green line, this thrust change lies roughly parallel with the lines of constant
motor speed, indicating that the steady-state motor speed remains constant. The
mitigation of slow motor dynamics during thrust changes illustrates an advantage
of using both voltage and pitch control in combination. In practice, this strategy is
utilized on the variable-pitch quadrotor in order to maximize the potential for agile
and aggressive flights.
2.2 Bench Motor Testing
The analytical results presented in the previous section are verified here using bench
testing of one of the motors and propellers used on the variable-pitch quadrotor. A
photograph of the testing setup is shown in Figure 2-8.
The motor and propeller are rigidly attached to a 5 pound load cell. The load cell
measures vertical force and is used to measure the thrust generated by the propeller. It
is powered by the amplifier and produces a±12 volt analog output that is proportional
to the measured load. This analog output is sampled by the analog to digital converter
at 10 kHz. The motor and servo pitch actuator are controlled by the autopilot and are
commanded to give step increases in both the motor speed and pitch values. Other
sensors on the test stand include a current and voltage sensor and an optical RPM
sensor for measuring the speed of the propeller.
Figures 2-9 and 2-10 show the results of the bench testing. In Figure 2-9, steps in
39
Figure 2-8: The test setup used for experimentally testing thrust changes using both
fixed-pitch and variable-pitch propellers. The motor and propeller are attached to a
5 pound load cell that is powered by the amplifier. The autopilot controls the motor
and servo. The analog load cell output is sampled and digitized by the analog to
digital converter.
motor command and pitch command are given independently. While the decreases in
thrust and motor speed after the initial command is given are greater than predicted
by the simulations (Figure 2-6), the general shapes of the graphs agree with the
simulated data. When increasing the motor command and keeping the pitch constant,
the rate of change of the thrust is governed by the inertia of the motor and propeller,
causing the thrust response to respond like a first order system. On the other hand,
when pitch is increased with a constant motor command, the thrust changes nearly
instantaneously. This is followed by a decrease in thrust as the increased propeller
drag slows the motor down.
In Figure 2-10 the same data is displayed, but an example of changing both
motor command and propeller pitch together is also overlaid. As predicted by the
simulation, when the actuators are changed together, an effective cancellation of the
motor dynamics happens since the steady-state motor speed remains constant. There
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Figure 2-9: Experimental thrust and motor speed responses to step increases in motor
voltage and propeller pitch. The drop in motor speed after the pitch increase is
larger than what was predicted in Figure 2-6(b); however, the shape of the graphs
are consistent with the simulated data.
is a small dynamic response immediately after the pitch is actuated; however, the
motor speed quickly returns to the previous same steady-state value.
These experimental results support the theoretical analysis and show that varying
the propeller pitch yields fast, almost instantaneous thrust changes.
2.3 Simulation
In Section 2.1, the dynamic relationships between thrust, pitch, and motor speed
were developed. These relationships were verified experimentally using a load cell in
Section 2.2. In this section, two nonlinear simulations of the variable-pitch quadrotor
using the data from QPROP in Section 2.1 are used to show the extent to which
variable-pitch propellers increase the flight performance of the vehicle as a whole.
2.3.1 Vertical Tracking
Only vertical flight is considered in the first simulation. The quadrotor is commanded
to follow a sequence of constant vertical velocity commands. For several different
velocity commands, the performance of the vehicle is considered using both fixed-pitch
(motor voltage commands) and variable-pitch control. The quadrotor is simulated in
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Figure 2-10: Same results as Figure 2-9 but with data from varying both motor
voltage and propeller pitch overlaid. When both actuators are used, the motor speed
remains essentially constant, showing that the motor dynamics are largely cancelled.
closed-loop control using a proportional-derivative (PD) controller with position and
velocity feedback. Since the two actuators generate different thrust values for the
same input command, the PD gains for both actuators were selected to ensure the
dominate linearized closed-loop poles are in the same location for both cases. Thus
the two cases can be compared with each other despite being in closed-loop control.
Figure 2-11 shows the time response of the simulated vertical tracking when the
commanded vertical velocity is 0.5 m/s. Note that the closed-loop position and veloc-
ity responses are roughly the same for the two actuators since the dominant closed-
loop poles are in the same location. Interestingly, though, the fixed-pitch controller
commands a much higher thrust input (thrust and acceleration are directly propor-
tional) to get the same response since the actuator is slower than the variable-pitch
case. When under variable-pitch control, though, the thrust reference commands are
lower because the actuator is able to keep the control error significantly smaller.
Figure 2-12 demonstrates that as the commanded vertical velocity is increased to
3.5 m/s, the two cases differ significantly both in reference command and in closed-
loop time response. With larger velocity errors, the fixed-pitch controller’s need to
create large reference commands is even more pronounced than in Figure 2-11. Also,
another of the fundamental differences between the two actuators is prominent in this
plot. When the propeller pitch is fixed, the quadrotor’s ability to decelerate is limited
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Figure 2-11: Vertical tracking at 0.5 m/s
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(b) Pitch Control
Figure 2-12: Vertical tracking at 3.5 m/s
by gravity since the motor cannot efficiently reverse its direction mid flight; however,
when the pitch is controlled, large decelerations are realized due to the propellers’
ability to quickly transition from positive to negative thrust. The acceleration plot in
Figure 2-12(a) shows that even though the fixed-pitch controller requests accelerations
below gravity, the actuator is saturated and cannot follow the reference command,
resulting in a large overshoot in the position response.
The vertical tracking performance of the vehicle when in fixed-pitch and variable-
pitch modes using controllers with the same dominant closed-loop poles is summarized
in Figure 2-13. Each dot on the graph shows the sum of the absolute value of the
position error at each time-step during the simulation. As expected, at low reference
velocities the controllers have roughly the same error since the controllers perform
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Figure 2-13: Vertical tracking error
similarly. However, the errors start drastically diverging at around 2 m/s commanded
velocity, the speed at which the fixed-pitch controller’s deceleration starts saturating.
Experimental validation of this simulation is provided in Section 5.2.
2.3.2 Rotational Tracking
The second simulation considers only the roll axis of the quadrotor. The vehicle is
commanded to follow a sequence of constant angular acceleration commands. Con-
stant acceleration is commanded instead of constant velocity as in the vertical simu-
lation because the smoother command shaping greatly improves quadrotor response
with the lightly damped roll axis. As in the vertical simulation, the controller used
is a PD controller with roll and roll rate feedback. The controller gains are selected
so that the two cases have the same dominant closed-loop pole locations. Figure 2-14
shows the roll, roll rate, and roll acceleration time responses for the two different ac-
tuators when the commanded roll acceleration is 2500 deg/s2. Again, the fixed-pitch
controller requests much larger reference thrust commands than the variable-pitch
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(c) Aggressive Variable-Pitch
Figure 2-14: Roll tracking at 2500 deg/s2
controller in order to get similar roll time responses.
The accumulated roll and roll rate tracking errors as a function of commanded roll
rate are displayed in Figure 2-15. As in the vertical flight simulation, the fixed-pitch
and variable-pitch actuators perform similarly when the commanded angular accel-
eration is low. However, as the commanded acceleration, or desired aggressiveness,
increases, the fixed-pitch propellers begin to saturate while the variable-pitch pro-
pellers do not. Theoretically, the variable-pitch propellers can produce at least twice
the torque to the vehicle when rolling as the fixed-pitch propellers because of the
ability to reverse the direction of thrust on one of the motors. Thus, the fixed-pitch
propellers begin to saturate as one motor produces nearly zero thrust and the other
motor produces maximum thrust. This saturation is clearly evident in the error plot
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Figure 2-15: Roll tracking error
as the fixed-pitch error diverges from the variable-pitch error.
Another benefit of variable-pitch propellers when rotating about an axis lies in
their ability to quickly track a reference command. This is more clearly shown in
the linearized root locus plots of the closed-loop roll axis. For both actuators, the
plant consists of three poles, two of which are at the origin for the roll axis. The
variable-pitch actuator adds an additional zero near the motor pole coming from the
direct feed through term in Equation 2.12. Figure 2-16 shows that although the two
controllers have placed the closed-loop poles in roughly the same location, the gain
on the variable-pitch controller in Figure 2-16(b) can still be increased significantly to
improve the time response of the system. However, it is clear in Figure 2-16(a) that
moving the compensator pole towards the origin to increase the speed of the closed-
loop poles will only lead to the system becoming dominated by the motor pole. This
pole will move into the right-half plane as the PD gains are increased. These plots
highlight the fact that the variable-pitch controller largely mitigates the effect of the
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Motor pole heads 
to right-half plane
(a) Fixed-pitch root locus (b) Variable-pitch root locus
Figure 2-16: Root locus for fixed-pitch and variable-pitch propellers with a PD con-
troller. In the fixed-pitch controller, the compensator zero is moved to the right to
pull the poles at the origin to the left. In doing so, the motor pole heads to the
right, eventually dominating the response and potentially causing the system to go
unstable. The direct feed through term in the variable-pitch actuator, however, adds
a zero near the motor pole allowing the poles at the origin to be pulled far into the
left half plane.
motor dynamics on the system. The same phenomenon occurs in the vertical-control
case.
Figure 2-14(c) shows the same reference commands but with a much more ag-
gressive controller. The tracking performance is better with the more aggressive
controller, and this performance is only attainable with variable-pitch control as the
motor pole goes unstable in the fixed-pitch case. Figure 2-15 also shows the error
improvement over the range of commanded roll rates using the nominal and more
aggressive controllers. The variable-pitch controller can be tuned to deliver much
more aggressive responses than the fixed-pitch controller can.
2.4 Experimental Actuator Testing
The simulation data from Section 2.3.2 is validated in this section with experimental
testing of the quadrotor while it is attached to a test fixture that restricts motion to a
single axis. The test fixture is shown in Figure 2-17. During the testing, the quadrotor
is commanded to follow a series of roll and roll rate commands similar to those given
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Figure 2-17: Quadrotor attached to roll test stand. Bearings mounted to the wooden
frame allow for rotations about a single axis. The test stand is used for testing
aggressive roll commands.
in the rotational simulation in Section 2.3.2. Several different trajectory profiles are
tracked with varying commanded accelerations. The same control strategy (PD) used
in simulation is used in the experiments.
Figure 2-18 shows experimental results of the quadrotor tracking an angular ac-
celeration reference command of 2500 deg/s2. As predicted from the simulation, the
angle and angular rate tracking for both the fixed-pitch and variable-pitch cases are
similar. The vehicle’s inertia is small enough that, despite being a slower actuator,
the fixed-pitch actuator can track the reference input well.
The difference between the two actuators is apparent, however, in the commanded
values shown in Figures 2-18(c) and 2-18(d). These plots show the commands gener-
ated by the on-board controller and sent to the actuators. Both the commands to the
motor via the ESC and the commands to the pitch via the servo are values between
0 and 250. For the motor, a command of 0 corresponds to off and 250 to maximum
throttle. For the propeller, neutral pitch is set with a servo command of 125 while
full positive pitch is 250 and full negative pitch is 0. The dashed green line in each
plot shows the upper saturation limit of the actuators. Note that in the fixed-pitch
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Figure 2-18: Experimental roll tracking at 2500 deg/s2
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Figure 2-19: Experimental roll tracking at 5000 deg/s2
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Figure 2-20: Experimental roll and roll-rate tracking error as a function of increasing
commanded roll acceleration. The quadrotor is able to consistently track angular
reference commands better with variable-pitch actuation than with fixed-pitch actu-
ation. The differences between the actuators grow as the commanded aggressiveness
increases and the fixed-pitch actuator begins to saturate.
case, the motor commands are nearly saturated during two of the flips while in the
variable-pitch case, the servo and motor commands remain well within the saturation
bounds.
The saturation issues are even more apparent as the commanded acceleration is
increased. Figure 2-19 shows similar plots but where the commanded acceleration
is 5000 deg/s2. Figure 2-19(c) shows that the motor commands in the fixed-pitch
case are saturated for the majority of the first and third flips. The variable-pitch
case performs the same maneuvers with less error while only briefly saturating the
pitch command. The plots of the commanded values emphasize the ability of the
variable-pitch actuator to quickly track reference commands.
For each of the experimental data sets, a measure of the tracking error is computed
by summing the absolute value of the difference between the reference command and
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the actual value over the entire data set. These error values are shown in Figure 2-20.
For a commanded acceleration of 10,000 deg/s2 the quadrotor reaches a roll rate of
1400 deg/s, well into the agile flight regime. As predicted by simulation, the quadrotor
performs better with the variable-pitch propellers than with fixed-pitch propellers.
2.5 Summary
This chapter details the analysis and experimental testing of variable-pitch actuators
added to a quadrotor. Section 2.1 shows that variable-pitch actuators fundamentally
improve the performance and capability of quadrotors. The ability to control thrust
using propeller pitch in addition to motor voltage allows for a significantly faster rate
of change in thrust as well as the ability to choose between more efficient or more
agile operating regimes. The analysis is experimentally verified using a load cell to
capture high rate thrust data in Section 2.2.
The simulation and experimental results in Sections 2.3 and 2.4 show that in nomi-
nal (non-agile) flight profiles there is little difference between fixed- and variable-pitch
actuation (other than, of course, the ability to generate negative thrust in order to
fly upside down and decelerate faster than gravity). However, in more aggressive
maneuvers it is apparent that fixed-pitch actuation suffers from control saturation
well before the variable-pitch configuration. The fixed-pitch saturation leads to sig-
nificantly larger errors in attitude rate and position tracking for large commanded an-
gular and linear accelerations, respectively. Thus, variable-pitch actuation increases
the potential for agile maneuvering by expanding the control saturation limits.
Finally, the variable-pitch quadrotor has the fundamental advantage of being able
to reverse thrust very quickly. Not only does this result in more accurate attitude and
acceleration command tracking, but it also expands the envelope of attainable agile
maneuvers. Aerobatic maneuvers such as 180 degree flips and tic-tocs that have been
demonstrated by conventional helicopters are impossible for traditional quadrotors,
but might be obtainable with variable-pitch actuation. In the next chapter, con-
trol laws and trajectory generation methods are developed to exploit the increased
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capabilities of the variable-pitch quadrotor to fly aggressive and aerobatic maneuvers.
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Chapter 3
Trajectory Generation and Control
This chapter describes the trajectory generation and control algorithms used on the
variable-pitch quadrotor. While the algorithms presented here are implemented on
a variable-pitch quadrotor, they are general and can be applied to quadrotors with
fixed-pitch propellers as well. Similar to recent literature [15, 37], the attitude control
law presented here does not assume near hover flight regimes, allowing the vehicle to
track attitudes that deviate significantly from nominal conditions.
Recent work demonstrates optimal trajectory generation methods for quadrotors
using time-parametrized polynomials to represent the trajectory, guaranteeing smooth
reference inputs to the quadrotor [15]. The work presented here builds on the liter-
ature by presenting a method for tracking a series of waypoints given the physical
limitations of the hardware actuators. Time-optimal solutions, subject to actuator
saturation, for paths parametrized by polynomials are found. In addition, a method
for embedding attitude specific constraints along the reference path is developed, al-
lowing for aerobatic maneuvers such as flips to be performed with a single control
law. Most previous aerobatic work with quadrotors was accomplished by the means
of a switching control law [12, 24, 25].
The structure of the chapter is as follows: first, a dynamic model of the quadrotor
is developed in Section 3.1 and a feedback control solution is proposed to control the
quadrotor along a specified 3-D trajectory in R3 in Section 3.2. Then, a closed-form
solution for generating smooth trajectories through any number of time-parametrized
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Figure 3-1: Quadrotor model and reference frames. superscript i denotes the inertial
frame and superscript b denotes the body frame.
waypoints is proposed in Section 3.4. An optimization method is proposed for con-
structing smooth, minimum-time trajectories through waypoints while satisfying mo-
tor saturation constraints in Section 3.4.1. In Section 3.4.2 a method for embedding
attitude constraints along the path is presented. Simulation results of these algo-
rithms are shown in Section 3.5. Chapter 5 details the experimental implementations
of the algorithms on a variable-pitch quadrotor.
3.1 Dynamic Model
Consider the quadrotor vehicle depicted in Figure 3-1 with mass, m, and mass moment
of inertia, J, where J is aligned with the body x, y, and z axes. Let the position of
the center of mass of the quadrotor with respect to an inertial frame, i, be defined
by ri. The attitude of the vehicle in the inertial frame is described by the quaternion
q with the rotational velocities of the vehicle in the body frame, b, being Ωb. The
quaternion convention
q =
q0
~q

is used where q0 is the scalar portion and ~q is the vector portion of the quaternion.
In particular, the quaternion rotation operation that rotates the vector v in R3 from
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the body frame to the inertial frame is defined as 0
vi
 = q∗ ⊗
 0
vb
⊗q, (3.1)
where q∗ is the quaternion conjugate of q and ⊗ is the quaternion multiplication
operator [38]. The quaternion [0,vT ]T is a pure imaginary quaternion (a quaternion
with zero scalar part). Common quaternion properties are included in Appendix A
for convenience.
The inertial-frame time derivative of q is related to the body rotational velocities
by
q˙ =
1
2
q⊗
 0
Ωb
 .
Using this quaternion formulation, the Newton-Euler equations of motion that de-
scribe the dynamic motion of the quadrotor are given by0
r¨i
 = 1
m
q∗ ⊗
 0
Fb
⊗ q−
 0
gi
 (3.2)
Ω˙b = J−1
[
Mb −Ωb × JΩb] (3.3)
where gi = [0, 0, g]T is the inertial frame gravity vector, Fb = [0, 0, ftotal]
T is the
body frame thrust vector, and Mb is the body frame moment vector. Note that the
placement of the motors on the quadrotor restricts the body frame thrust vector to
always be aligned with the body frame z-axis.
Let the thrust generated by each of the four motors on the quadrotor be fi. The
total thrust ftotal and quadrotor moments are related to the thrust of each of the four
motors by [39]
ftotal
Mb
 =

1 1 1 1
d 0 −d 0
0 d 0 −d
−c c −c c


f1
f2
f3
f4
 (3.4)
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where d is the distance from the center of mass of the vehicle to the motor mount and
c is the drag coefficient that relates the yawing moment about the body z-axis to the
thrust of the four motors. The thrust produced by each motor is bounded between
maximum and minimum values as
fmin ≤ fi ≤ fmax, i = 1, . . . , 4 (3.5)
where fmin and fmax are determined by the physical characteristics of the motor, the
available power, propeller, etc. With fixed-pitch propellers, the theoretical minimum
thrust is fmin = 0, but in practice one typically finds that fmin > 0 [24, 37] since
commonly used motor speed controllers cannot quickly start and stop the rotation
of the motor. Turning one or more motors completely off mid-flight can lead to
unstable behaviors for multi-rotor helicopters. For a variable-pitch system, one can
design fmin = −fmax.
3.2 Closed-loop Control
Quadrotors are under-actuated and differentially flat [15]. The four motor thrust
commands can therefore be determined by four flat outputs: an inertial-frame position
reference command, rid(t), in R3 and a desired yaw angle, ψd(t). Given the flat
outputs, the commanded thrust and moments are computed as follows. First, a
feedback acceleration vector (the time dependence has been omitted for clarity), r¨ifb,
is computed as
r¨ifb = −kpe− ki
∫ t
0
e(τ)dτ − kde˙ (3.6)
where kp,ki,kd are positive definite, diagonal, 3×3 gain matrices and the error terms
are defined as
e = ri − rid (3.7)
e˙ = r˙i − r˙id. (3.8)
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The feedback acceleration vector supplements the commanded (feedforward) acceler-
ation by compensating for gravity and for errors in position and velocity.
Let the total commanded inertial-frame force required to keep the quadrotor on
the desired trajectory be
Fi = m
(
r¨id + r¨
i
fb + g
i
)
. (3.9)
Note that during hover, the commanded acceleration vector is zero and the force
vector approaches
[
0 0 mg
]T
as the position and velocity errors approach zero, as
expected.
The commanded inertial-frame force vector is used to compute the desired vehicle
attitude and the total quadrotor thrust. Rearranging Equation 3.2 yields
m
0
r¨i
+
 0
gi
 = q∗ ⊗
 0
Fb
⊗ q. (3.10)
Substituting Equation 3.9 for the left hand side of Equation 3.10 and normalizing
both sides gives  0
F¯i
 = q˜∗d ⊗
 0
F¯b
⊗ q˜d (3.11)
where the unit vectors are defined as
F¯i =
Fi
‖Fi‖ (3.12)
F¯b =
Fb
‖Fb‖ =
[
0 0 ±1
]T
(3.13)
and q˜d is the desired quadrotor attitude (without accounting for the desired yaw
angle) that aligns the body-frame thrust vector with the desired inertial-frame force
vector. The minimum-angle quaternion rotation between the two unit vectors F¯i and
F¯b in R3 is [40]
q˜d =
1√
2(1 + F¯iT F¯b)
1 + F¯iT F¯b
F¯i × F¯b
 . (3.14)
The sign of the z-component of F¯b in Equation 3.13 is selected so that F¯i
T
F¯b ≥ 0, en-
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suring that the direction of the body-frame thrust vector is aligned with the direction
of the inertial-frame acceleration vector.
Equation 3.14 does not define a unique desired attitude for the vehicle. In par-
ticular, two ambiguities exist. First, quaternions double cover the special orthogonal
group S0(3), meaning q and −q represent the same attitude [41]. In practice, this am-
biguity is easily addressed by choosing the sign of q˜d at the current time step to agree
with the attitude commanded at the previous time step, such that q˜Td (tk)q˜d(tk−1) ≥ 0.
Second, assuming the quadrotor is capable of producing negative thrust, an ambiguity
exists between upright and inverted flight because the commanded global accelera-
tion vector is the same in both cases. To fully disambiguate the desired attitude, an
additional upright/inverted binary command variable, σd(t) = ±1, is needed, where
1 represents upright flight and −1 is inverted.
Finally, the desired vehicle attitude, qd, is computed by rotating q˜d by the desired
yaw angle, ψd, as
qd = q˜d ⊗
[
cos(ψd/2) 0 0 sin(ψd/2)
]T
. (3.15)
The total quadrotor thrust, ftotal, is computed as ftotal = ‖Fi‖ since ‖Fb‖ = ‖Fi‖
from Equation 3.10.
The desired quadrotor attitude rate is found by taking the time derivative of F¯i
in the inertial frame. Utilizing the Transport Theorem [42], this derivative is
d
dt
 0
F¯i
 = d
dt
qd ⊗
 0
F¯i
⊗ q∗d
+
 0
Ωbd × F¯i
 (3.16)
˙¯Fi = Ωbd × F¯i (3.17)
The first term on the right hand side of Equation 3.16 is zero since F¯ is constant
in the body frame. Rearranging Equation 3.17 gives the desired body-frame angular
rate vector projected onto the body-frame x-y plane.
Ωbdxy = F¯
i × ˙¯Fi (3.18)
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The third component of the angular velocity, the yaw rate, is directly computed from
the input yaw command as
Ωbdz = ψ˙d (3.19)
The time derivative of F¯i is explicitly calculated using the quotient rule on Equa-
tion 3.12 as
˙¯Fi =
F˙i
‖Fi‖ −
Fi(Fi
T
F˙i)
‖Fi‖3 (3.20)
where F˙i = m
(...
r id +
...
r ifb
)
. In practice,
...
r ifb is found by numerical differentiating r¨
i
fb.
The calculations of desired attitude and attitude rate assume that ‖Fi‖ = ‖Fb‖ 6=
0, stemming from the fact that the attitude of the vehicle is irrelevant to the motion of
the center of mass of the vehicle during free-fall because the motor net thrust is zero.
However, the vehicle attitude is important as soon as the vehicle exits free-fall and so
should be controlled the entire time. In practice, this attitude ambiguity is accounted
for by ensuring that the reference trajectory does not command free-fall for a finite
amount of time (the path only crosses or touches the singularity). In the controller,
new desired attitude and attitude rates are computed only when ‖Fi‖ is above a small
threshold, maintaining the previously commanded attitude and attitude rates while
‖Fi‖ is close to zero.
Utilizing the sequential rotation properties of quaternions [38], the desired vehicle
attitude can be represented as a rotation from the inertial frame to the actual frame
of the vehicle followed by a rotation from the vehicle frame to the desired vehicle
orientation, as in
qd︸︷︷︸
inertial frame
= q︸︷︷︸
inertial frame
⊗ qe︸︷︷︸
body frame
. (3.21)
The quaternion qe represents the error quaternion, or the attitude error of the vehicle
expressed in the body frame. Note that in the special case of the actual and desired
attitudes being equal (q = ±qd), the error quaternion is the identity quaternion
(qe =
[
±1 0 0 0
]T
). Rearranging Equation 3.21 using the conjugate properties of
the quaternion yields the error quaternion, expressed in the body frame, as a simple
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quaternion multiplication between the actual attitude and the desired attitude.
qe︸︷︷︸
body frame
= q∗︸︷︷︸
inertial frame
⊗ qd︸︷︷︸
inertial frame
. (3.22)
Equation 3.21 and 3.22 are similar to equations in previous work [43]; however, in this
thesis, the order of the quaternion multiplication differs so as to agree with standard
notation and the rotation operation introduced in Equation 3.1 [38].
With the error quaternion expressed in the body frame, the elements of the quater-
nion directly map to the required body-frame moments. Similar to other quaternion-
based attitude control laws proposed [44–46], the attitude control is accomplished
using proportional-derivative control on the attitude error and attitude rate error as
Mb = − sgn (q0e)Kp~qe −Kd(Ωb −Ωbd), (3.23)
where q0e and ~qe are the scalar and vector portions of the error quaternion, respectively.
The gain matrices, Kp and Kd, are diagonal and positive definite. Given ftotal and M
b,
the corresponding motor thrust commands are found by inverting the relationship in
Equation 3.4.
3.3 Controller Stability Analysis
This section details an analysis of the stability of the acceleration control scheme
developed in the previous section. The control law is shown to be asymptotically
stable using Lyapunov’s direct method. The analysis follows closely the framework
of approximate-model-inversion based control (see e.g. [47, 48]) Let
r¨i = f(ri(t), r˙i(t), δ(t)) (3.24)
describe the dynamics of the quadrotor where δ(t) are the inputs to the attitude
controller. Since the true vehicle dynamics are not known, an approximate dynamic
model fˆ(ri(t), r˙i(t), δ(t)) is assumed. This approximate dynamic model is invertible
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with respect to δ(t) so that
δ(t) = fˆ−1(ri(t), r˙i(t), ν(t)) (3.25)
where ν(t) is the control acceleration. Equations 3.6-3.20 detail the construction of
the control acceleration and the inversion model fˆ−1 that takes ν(t) and generates
qd, Ω
b
d, and ftotal, the inputs to the attitude controller.
Let the control acceleration be denoted as
ν = −kpe− kde˙ + r¨id − νi(t) (3.26)
where νi(t) is the integral portion of the feedback control acceleration. Note the time
dependence of the variables is removed for clarity.
Let the modelling error between the true and approximate dynamics be
∆ = f(ri(t), r˙i(t), δ(t))− fˆ(ri(t), r˙i(t), δ(t)). (3.27)
For simplicity, this modelling error is assumed constant so that ∆˙(t) = 0. This is
a reasonable assumption even if the modelling error is slowly time varying, such as
the trim throttle required to hover a quadrotor. Substituting this error term into
Equation 3.24, the vehicle tracking error dynamics can be written as
e¨ = r¨i − r¨id = fˆ(ri, r˙i, δ) + ∆− r¨id
= −kpe− kde˙ + r¨id − νi + ∆− r¨id,
or, in state space form as
˙˜e =
e˙
e¨
 =
 0 I
−kp −kd
e
e˙
+
0
I
 (∆− νi(t)) (3.28)
˙˜e = Ae˜ +B (∆− νi(t)) , (3.29)
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where e˜ is the tracking error. The control gains are selected so that A is a Hurwitz
matrix. Thus, for any positive definite matrix Q, there exists a unique positive definite
solution P to the Lyapunov equation
0 = ATP + PA+Q. (3.30)
Define the derivative of the integral control gain, νi(t), as ν˙i(t) = B
TP e˜ and let
ν˜i = ∆ − νi be the error between the integral control term and the modelling error.
The goal of the controller is to drive ν˜i to zero.
A Lyapunov function candidate is constructed as
V =
1
2
[
e˜TP e˜ + v˜Ti v˜i
]
. (3.31)
Note that V ≥ 0, and V = 0 only when e˜ = v˜i = 0, making V a valid Lyapunov
function candidate. The time derivative of Equation 3.31 is
V˙ =
1
2
e˜TP ˙˜e +
1
2
˙˜eTP e˜ + v˜Ti ˙˜vi
=
1
2
e˜TP (Ae˜ +B(∆− νi)) + 1
2
(Ae˜ +B(∆− νi))TP e˜− ν˜TBTP e˜
= −1
2
e˜TQe˜ ≤ 0
Therefore, V ≤ 0. Also, V˙ = 0 only when e˜ = 0. Thus, the Barbashin-Krasovskii-
LaSalle theorem (see e.g. [49]) shows that the control law is asymptotically stable in
the sense that e˜→ 0 as t→∞.
Stability proofs of attitude control laws very similar to the one presented in Equa-
tion 3.23 (for the regulatory case) can be found in [44–46]. Therefore, both the
acceleration and the attitude control loops can be shown to be stable independently.
Due to the results established in [50] there exist therefore a set of gains and trajectory
generation parameters that render the closed loop system stable. This intuitive result
is reflected by the flight-tests results in Chapter 5.
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3.4 Trajectory Generation
Given the control structure capable of tracking position and yaw reference commands
developed in Section 3.2, consider the problem of navigating through n waypoints in
3-space in an obstacle-free environment. Similar to previous work [15, 39], a trajectory
consisting of piecewise smooth polynomials of order m over n − 1 time intervals is
proposed. Using this formulation, the trajectory of the quadrotor is defined by
rid(t) =

∑m
i=0 αi,1t
i 0 ≤ t < t1∑m
i=0 αi,2t
i t1 ≤ t < t2
...
...∑m
i=0 αi,n−1t
i tn−2 ≤ t ≤ tn−1
where αi,n is the i
th polynomial coefficient over the nth time interval. Formulating
the desired reference path as a series of polynomials offers several advantages. First,
given the correct number of endpoint constraints at the segment boundaries and
the corresponding segment times, a closed-form solution for finding the polynomial
coefficients exists. Second, constraints on the velocity, attitude, and attitude rate of
the quadrotor at any of the intermediate waypoints are easily incorporated in the path
as constraints at the segment boundaries. Adding attitude constraints is discussed
in more detail in Section 3.4.2. Third, polynomials for each of the four flat outputs,
ridx(t), r
i
dy
(t), ridz(t), and ψd(t) can be solved for separately using the same segment
times. Finally, provided the boundary conditions ensure the continuity of at least the
first four derivatives of the reference path, the quadrotor reference input commands
(functions of the first three derivatives of position) will be smooth.
As an example, consider the x-dimension of a two waypoint problem, where the
vehicle starts and stops in hover. As described in Section 3.2, the inputs to the
quadrotor are computed as a function of the first three derivatives of the position
command. To ensure that those inputs are smooth, the initial and final first four
63
derivatives of position are constrained as
ridx(0) = x0 r
i
dx(tf ) = xf (3.32)
ri
(k)
dx (0) = 0 r
i(k)
dx (tf ) = 0 k = 1, . . . , 4 (3.33)
where the superscript in parentheses represents the kth time derivative of x. The
formulation results in 10 constraints, 5 initial and 5 terminal conditions. Therefore,
assuming the final time, tf , is known, a 9
th order polynomial offers a closed-form
solution to the problem.
Next, consider the same initial and final conditions, but now with n− 2 interme-
diate waypoints that the trajectory must pass through. Assuming a desired arrival
time associated with each waypoint is known, the problem maintains a closed-form
solution as long as there are 10n − 10 constraints. Constraining the position and
first four derivatives of position at each waypoint provides the required number of
constraints; however, this requires knowledge of the velocity, acceleration, jerk, and
snap of the quadrotor at each waypoint. Alternatively, if only the position of the
waypoint is important, the remaining 8(n − 2) constraints are formed by ensuring
continuity of the first 8 derivatives of position at the n− 2 intermediate waypoints.
Example boundary conditions with waypoints w = [w0, w1, . . . , wn−1] are given by
initial =
 rid(0) = w0ri(k)d (0) = 0 k = 1, . . . , 4
middle =

rid(t
+
r ) = wr r = 1, . . . , n− 2
rid(t
−
r ) = wr r = 1, . . . , n− 2
ri
(k)
d (t
+
r )− ri(k)d (t−r ) = 0 k = 1, . . . , 8
final =
 rid(tn−1) = wn−1ri(k)d (tn−1) = 0 k = 1, . . . , 4.
As the constraints are formulated, the path starts and ends at hover and is required
to pass through each of the waypoints.
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Note that the formulation offers flexibility by allowing any of the first four deriva-
tives of position to be user-specified at any of the intermediate waypoints. For in-
stance, if the desired x component of velocity at waypoint j is vj, the constraint be-
comes ridx(t
−
j )
(1) = ridx(t
+
j )
(1) = vj. When the velocity is not specified, the constraint
is ridx(t
−
j )
(1) − ridx(t+j )(1) = 0. Constraining any of the derivatives of an intermediate
waypoint to a known value is accomplished by removing one the higher-order con-
tinuity constraints at that waypoint. As long as the waypoint time and the initial
and final conditions are specified, the solution for the desired trajectory and all its
derivatives is closed-form and consists of a single matrix inversion. Care must be
taken, however, when specifying several constraints at a single node of the polyno-
mial. Position, its derivatives, and time are highly coupled and radical solutions to
the polynomial formulation can be found when the constraints are not chosen prop-
erly. The following section proposes a method for ensuring the resulting paths are
reasonable.
3.4.1 Actuator-Constrained Minimum-Time Trajectory Gen-
eration
While the preceding closed-form polynomial trajectory generation method ensures
that all the reference commands to the quadrotor will be smooth, there is no guarantee
that the commands will be within the feasible limits of the hardware actuators. For
instance, any trajectory of non-zero length will become infeasible as the segment times
approach zero because the corresponding velocity, acceleration, and attitude rate
reference commands will approach infinity. This section presents an optimization
method for finding the minimum segment times while not exceeding the physical
constraints of the quadrotor.
The optimization returns the segment times that minimize the total path time
subject to the motor saturation constraints in Equation 3.5. The optimization over
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n waypoints with t = [ t1 t2 . . . tn−1 ] segment times is formulated as
t = argmin
t
tn−1 (3.34)
subject to fmin ≤ fi ≤ fmax i = 1, . . . , 4 (3.35)
tj > 0 j = 1, 2, . . . , n− 1 (3.36)
The trajectory starts at the first waypoint with t0 = 0. The decision variables t are
the times at which the quadrotor passes through the n−1 remaining waypoints. Min-
imizing the last decision variable minimizes the total time of the trajectory since each
segment time is constrained to be positive. A path is defined as feasible when none
of the motor commands exceed the allowable motor thrust values. The calculation of
these motor constraints is detailed below.
During each iteration of the optimizer, the reference path is calculated by solving
the closed-form polynomial formulation for the coefficients αi,n as specified above us-
ing the current value of t. The equations of motion of the quadrotor (Eqs. 3.2-3.3) are
then inverted using the computed path as the reference command, returning the re-
quired forces and moments to fly that path. (Note that this inversion requires knowing
the angular acceleration of the vehicle. This calculation is detailed in Appendix B.)
The individual motor thrust values are found by inverting the relationship in Equa-
tion 3.4. The calculated motor thrust values are only an approximation of the true
thrust values commanded during flight due to errors in estimated model parameters
(mass and inertia) and errors from ignoring the feedback control in Eqs. 3.6 and 3.23
(inverting the equations of motion using the reference path as the input assumes the
quadrotor never deviates from the reference path). While the resulting segment times
found from the optimization cannot guarantee that the commanded motor thrusts will
never exceed the prescribed bounds, in practice fmax and fmin can be treated as tuning
gains; decreasing the allowable thrust window for each motor decreases the overall
aggressiveness of the resulting paths.
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3.4.2 Attitude Constraints
Specific attitude constraints can be incorporated into the desired path formulation by
constraining the acceleration of the vehicle based on Equation 3.10. Given a desired
inertial-frame attitude qdes the corresponding required inertial-frame acceleration r¨
i
att
is computed, up to an overall scale factor of the thrust magnitude, by solving
 0
r¨iatt
 = ‖Fb‖
m
q∗des

0
0
0
1
qdes −
 0
gi
 (3.37)
where ‖Fi‖ is chosen to scale the acceleration as desired. Equation 3.37 allows the
user to specify the attitude of the vehicle at polynomial nodes in the path. While the
vehicle attitude between nodes is not directly specifiable with the current algorithm,
guaranteeing the vehicle attitude at a certain point in space can be beneficial for
maneuvers such as flying through windows or performing aerobatics.
3.5 Trajectory Generation Simulations
An example path found with the optimization scheme from Section 3.4.1 is shown in
Figure 3-2. The path is constrained to start and stop in hover and to pass through
three intermediate waypoints, indicated in the plot by red stars. Initially, the time
between each waypoint is arbitrarily set to be 0.5 seconds. This yields a strangely
oscillatory path with motor commands that saturate significantly. After running the
optimization routine, the motor commands are within the saturation bounds and
the resulting path appears more reasonable. The aggressiveness of the path is easily
tunable by lowering the saturation bounds of the actuators. Decreasing the saturation
bounds will increase the flight time but decrease the actuator load.
In Figure 3-3 the trajectory starts at the origin at hover and ends at hover one
meter upwards. Bench testing of the motors and propellers used on the variable-pitch
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Figure 3-2: An example path showing the minimum time optimization. Both paths
satisfy the constraints of starting and ending at hover and passing through the five
waypoints; however, the optimal time path keeps the motor commands from saturat-
ing and completes the path in less time than the one with arbitrary waypoint arrival
times.
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Figure 3-3: Two example vertical flight trajectories computed using the optimization
routine in Section 3.4.1. Both trajectories have the same upper bound on motor
thrust. The variable-pitch trajectory has a negative thrust lower bound, but the
fixed-pitch trajectory has a lower bound of near zero. Note that the variable-pitch
trajectory is shorter because it decelerates faster than gravity.
quadrotor show maximum and minimum possible thrust values of about 3 N and -3 N
per motor, respectively. When the pitch is locked to a positive value (simulating a
fixed-pitch propeller), the minimum thrust value increases to about 0.15 N. Figure 3-
3 shows how the increased negative range of the variable-pitch propellers allows the
quadrotor to decelerate faster than gravity, decreasing the overall feasible trajectory
time.
As mentioned in Section 3.2, the attitude is not well defined from Equation 3.14
when ‖Fb‖ = 0 (the vehicle is in free-fall). However, interesting attitude maneuvers
can be constructed by imposing an instantaneous free-fall constraint. In particular,
Figure 3-4 shows the trajectory generated by imposing an acceleration constraint
of −gi between two hover conditions at different locations along the x-axis. The
quadrotor goes inverted after the instantaneous free-fall because σ(t) is changed from
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(a) Flip trajectory
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(b) Commanded state trajectory values
Figure 3-4: Trajectory generated by imposing a position free free-fall acceleration
condition between two hover waypoints along the x-axis. The small corner in the
commanded attitude trajectory comes from not computing new commanded attitudes
when the total force command is close to zero. The vehicle goes inverted at the apex
of the trajectory by explicitly changing σ(t) from 1 to -1.
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Figure 3-5: Simulation results of a 360 degree backflip. The flip is specified using
a -90 degree roll constraint before the peak of the trajectory and a 90 degree roll
constraint after the peak. The quadrotor starts and ends in hover.
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(a) Nominal motor values
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(b) Actual motor values
Figure 3-6: Example motor data from the backflip presented in Figure 3-5. Figure 3-
6(a) shows the anticipated motor commands assuming open-loop, perfect tracking.
These are the commands used by the optimizer in Section 3.4.1 to find minimum-time
trajectories. Figure 3-6(b) shows the corresponding actual motor commands when
following the trajectory in simulation.
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1 to -1 at that point.
Attitude constraints embedded in the path formulation are utilized to command a
path similar to the backflip demonstrated on the Stanford STARMAC quadrotor [12].
Simulation results of the path are presented in Figures 3-5 and 3-6. The flipping
motion is prescribed by embedding a -90 degree roll constraint just before the apex
of the path and a 90 degree roll constraint just after the apex. Figure 3-6 shows how
the ideal motor commands compare to those actually generated in the simulation.
3.6 Summary
This chapter presents a control law capable of tracking reference position trajecto-
ries that are smooth through the third derivative. The controller is also capable of
controlling attitudes that vary significantly from hover. An algorithm is presented
that generates time-optimal trajectories in R3 through an arbitrary number of way-
points subject to actuator saturation constraints. In addition, attitude-specific con-
straints are easily embedded in the commanded reference path, allowing for aerobatic
maneuvers. The control and trajectory generation algorithms were implemented in
simulation. These results are validated in on a custom variable-pitch quadrotor in
Chapter 5.
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Chapter 4
Hardware and Software
Implementation
Obtaining successful flight results with the variable-pitch quadrotor requires both
accurate control algorithms and robust physical hardware. This chapter addresses
the technical challenges inherent with the physical construction of the variable-pitch
quadrotor and the software required for agile flight. Also discussed is the simulation
environment used to test trajectories and design controllers for the quadrotor.
4.1 Hardware Development
The variable-pitch quadrotor was designed and built entirely at MIT’s ACL using a
combination of custom and off-the-shelf components. A closeup of the most current
version of the vehicle is shown in Figure 4-1.
The frame is cut from a sheet of carbon fiber sandwich material with a 1/4 inch
balsa wood core. The frame is custom designed for the motors, speed controllers,
servos, and electronics used on the vehicle. In particular, it is designed to minimize
vibrations induced by the propellers, motors, and servos. Throughout the design
process most of the hardware decisions made have been to reduce the amount of
vibration experienced by the vehicle during flight. In addition to weakening mechani-
cal connections and shortening the life of motor and servo bearings, strong vibrations
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Figure 4-1: Variable-pitch quadrotor designed at the Aerospace Controls Lab. The
servos that actuate the variable-pitch propellers are visible under each of the motors.
The quadrotor measures 0.35 m across.
can distort the readings of on-board flight sensors such as rate gyros and accelerom-
eters. The issue of vibrations in multi-copters is a well-understood and frequently
discussed topic among hobby enthusiasts. Many of the hardware design choices on
the variable-pitch quadrotor are inspired by hobbyists.
The original version of the variable-pitch quadrotor consisted of a single motor
mounted at the center of the vehicle frame. Four timing belts transferred the motor
power to the four rotors, with each belt running down one of the four quadrotor arms.
The design was similar to the variable-pitch quadrotor developed in the Unmanned
Vehicle Control Systems Lab at the National Cheng Kung University (NCKU) in
Taiwan [21]. While a single motor design offers potential benefits, our experience is
that the mechanical complexity of transferring rotary motion from a central motor to
four propellers introduces significant vibrations to the vehicle. The team from NCKU
saw these same problems stemming from vibrations and, as a result, were limited
in the achievable gain magnitude of their PID control laws, ultimately resulting in
relatively “loose” autonomous control.
The next iteration of the variable-pitch quadrotor featured four individual motors
directly driving four propellers. As with the first verions, the propeller pitch was
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Figure 4-2: The second version of the variable-pitch quadrotor. The propeller pitch
is actuated using a sliding control horn designed for RC model helicopter tail rotors.
actuated using a right-angle control horn slider connected via a pushrod to a servo
mounted near the center of gravity of the quadrotor. A close-up of the variable-
pitch mechanism on this version of the quadrotor is shown in Figure 4-2. Moving
from one large, centrally-mounted motor to four smaller motors greatly reduced the
vibrations during flight, allowing the quadrotor to hover and follow waypoints in both
upright and inverted orientations. However, vibrations continued to be an issue and
the vehicle never achieved the level of tight, robust control within the flight regime
of similarly-sized fixed-pitch quadrotors [2, 15, 25].
In particular, vibrations came from inevitable slop in the pitch control mechanism
and from propellers being improperly balanced. Of these two sources, the later was
by far the most prevalent. Despite rigorously balancing each of the pairs of rotors,
the quadrotor still routinely experienced vibrations strong enough to bend the stain-
less steel motor shafts. While never completely verified, the vibrations are mostly
attributed to the significant distance between the motor and the propeller, creating
a relatively large moment arm over which small disturbances from the propeller are
magnified to create large torques about the quadrotor arms. As seen in Figure 4-2,
the long propeller shaft is required due to the nature of the pitch control mechanisms.
Finally, robust, stable flight was achieved by replacing the RC helicopter tail rotor
pitch control mechanisms with ones designed for RC airplane propellers. The new
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(a) Variable-pitch actuator (b) RC helicopter swashplate
Figure 4-3: On the left is one of the pitch actuation mechanisms on the current version
of the variable-pitch quadrotor. The servo, mounted below the motor, actuates the
propeller pitch via a carbon fiber pushrod routed through a hollow shaft in the motor.
The figure on the right shows a typical swashplate on a RC helicopter. The swashplate
allows the helicopter to rotate the thrust vector with respect to the body frame,
allowing the vehicle to move forwards, backwards, right and left. The swashplate,
however, is mechanically much more complicated than the variable-pitch actuators
used in this project.
pitch actuators use a carbon fiber pushrod routed through the center of a hollow shaft
motor. The servo is mounted beneath the motor and the propeller is attached directly
next to the motor can, minimizing the adverse vibrational effects of improperly bal-
anced propellers. The pitch control mechanism is shown in Figure 4-3(a). There are
several similar commercially available variable-pitch actuators built for RC airplanes.
After testing several of them, the EVPU from MS Composit [51] was determined
to have the least pitch slop and most robust design. Note that swashplates, needed
on single-rotor helicopters to achieve agile flight (an example swashplate on a RC
helicopter is shown in Figure 4-3(b)), are much more mechanically complex than the
variable-pitch mechanism used on the quadrotor in this project.
Additionally, vibrations were further reduced by adding more support to the car-
bon fiber frame in the form of cross members between the arms. The cross members
significantly stiffen the corners of the quadrotor where the motors are attached and
hence dampen motor vibrations in the entire frame.
Other than the vibrational issues discussed above, the addition of variable-pitch
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Table 4.1: Overall weight of the various components of the variable-pitch quadrotor.
The servos and variable-pitch actuators make up about 15% of the overall weight of
the quadrotor.
Component Type Qty
Unit Weight
(gram)
Total Weight
(gram)
Frame Custom 1 90 90
Motor Axi 2208/34 EVP 4 45 180
ESC Mikrokopter 4 8.5 34
Servo MKS DS480 4 10 40
Propellers MS Composit EVPU 4 8 32
Variable-pitch actuator MS Composit EVPU 4 8 32
Autopilot Custom 1 14 14
Power distribution board Custom 1 20 20
Wiring, connectors, etc. N/A N/A 20 20
Vehicle Weight 462
propellers to the quadrotor has few adverse affects when compared to the mechanical
simplicity of traditional fixed-pitch quadrotors. As shown in Table 4.1, the servos
and variable-pitch components only make up about 15% of the total weight of the
vehicle.
One interesting observation of the quadrotor construction and flight testing was
the fact that the quadrotor has slightly better hover performance (slightly smoother
attitude control) when flying in fixed-pitch mode as opposed to variable-pitch mode.
One potential reason for this difference in flight quality was mentioned in Section 2.1.5.
The update rate of the motor controllers is significantly faster than the update rate
of the servos controlling the propeller pitch. Other possible reasons might include
slop in the pitch actuator and actuator command discretization.
While the pitch control mechanism used on the variable-pitch quadrotor is one of
the best that are commercially available, it is designed for RC airplanes. Therefore,
the mechanism is not intended to handle precise, fast changes in pitch. There is a small
amount of slop in the pitch of the blades that results from the mechanical linkage
between the servo and the propellers. Since the quadrotor is inherently unstable,
hovering flight requires small, fast thrust corrections to maintain stability which might
be more difficult to accomplish by adjusting propeller pitch as opposed to motor speed.
Also, both the motor speed controller and the propeller servo accept commanded
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values between 0 and 250. Since the motor only spins in one direction but the propeller
must cover both the positive and negative pitch ranges, the motor effectively has twice
as much control resolution as compared with the servo. This additional resolution
may help the quadrotor hover better when the commands are coming from the motor
as opposed to the servo.
The variable-pitch quadrotor represents a relatively small increase in both hard-
ware complexity and added weight when compared to a fixed-pitch quadrotor; how-
ever, the addition of variable-pitch propellers greatly extends the flight envelope, al-
lowing for more aggressive and agile flight than possible with fixed-pitch quadrotors.
Flight results and details are shown in Chapter 5.
4.2 Software
The variable-pitch quadrotor is controlled via three main levels of software using
successive loop closure, similar to what is described in Chapter 6 of [52]. The two main
loops closed are the attitude control loop (commonly referred to as the inner loop)
and the acceleration loop (commonly referred to as the outer loop), with reference
inputs to the acceleration loop coming from a trajectory generator. An overview
of the software and data flow is shown in Figure 4-4. The main control algorithms
implemented in each of these three software levels is described in Chapter 3. This
section describes some of the software implementation details.
4.2.1 Attitude Control
The attitude control loop is the lowest level of control on the variable-pitch quadrotor.
The attitude control accepts as inputs a desired quaternion representing the desired
attitude of the vehicle, desired angular rates about the three principle body axes,
and a total thrust value. Motor and pitch setting commands are then set to match
the actual attitude and attitude rates to the commanded values using the algorithms
described in Section 3.2. The attitude control loop is run entirely on-board the
embedded processor on the quadrotor.
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Figure 4-4: An overview of the software and data flow for the variable-pitch quadrotor.
The on-board code is run on the UberPilot while the other loops run on a PC. All the
communication except for via the wireless radio is handled by the Robot Operating
System (ROS).
As mentioned in Section 4.1, mechanical vibrations in multi-rotor helicopters
quickly degrade flight performance since on-board sensors (notably the rate gyros)
are typically very sensitive to vibration. In addition to the hardware improvements
made to limit the source and extent of the vibration, significant improvement in the
flight performance was attained through the use of vibration-resistant rate gyros.
Earlier versions of the variable-pitch quadrotor performed attitude control using
a 12-gram autopilot developed by Unmanned Innovation, Inc. [53]. Eventually, more
control over the on-board attitude loop and communication code was desired and a
custom autopilot, nick-named the “UberPilot,” was developed to fly the quadrotor us-
ing custom software developed at MIT’s ACL. The UberPilot circuit design is loosely
based on the UAV Development Board version 4 from Sparkfun [54] and features a
10 gram (14 grams with wireless radio), 1.5 x 2.0 inch autopilot board. The autopilot
board plugs into a 20 gram, similarly-sized power distribution board that distributes
power and signal lines from the battery and the autopilot to the four motors and
servos. The autopilot and power distribution boards are shown in Figure 4-5.
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(a) UberPilot control board (b) UberPilot power distribution board
Figure 4-5: Custom electronics used to perform attitude estimation and control on
the variable-pitch quadrotor. The control board (left) mounts on top of the quadrotor
and houses a 16-bit microcontroller, 3-axis rate gyro, and wireless radio. The power
distribution board (right) mounts beneath the control board and distributes power
from the battery and signal lines to the electronic speed controllers and servos.
The UberPilot utilizes a 16-bit dsPIC33F microcontroller from Microchip Tech-
nologies Inc. [55] running at 50 MHz and a single chip, 3-axis rate gyro (ITG-3200)
from InvenSense [56]. The ITG-3200 is designed to be vibration resistant and can
measure rotations up to 2000 degrees per second. Communication from the UberPilot
to the ground station is performed using a 2.4 GHz xBee wireless radio transmitting
serial data at 57.6 kilobits per second.
Estimates of the vehicle attitude are computed on the UberPilot by integrating
the rate gyro measurements. Drift in the gyro measurements and the corresponding
degradation of the attitude estimates is accounted for by correcting the on-board
attitude estimates with attitude measurements from an external Vicon motion capture
system [57]. These external attitude estimates are sent via the wireless radio to the
on-board processor and are added to the internal attitude estimates using a simple
complimentary filter as
qo[i+1] = qo[i] + k (qe[i+1]− qo[i]) (4.1)
where qo is the on-board quaternion estimate, qe is the external quaternion measure-
ment, i is the discrete time index, and k is a gain such that the time constant of the
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first order system is on the order of 5-10 seconds.
The Uberpilot samples the rate gyros at 1 kHz and computes an attitude solution
at the same rate. The motor and servo commands are sent to their respective hard-
ware actuators at 1 kHz, although the servo only responds to commands at 333 Hz.
The majority of the control and estimation code is implemented using fixed-point
math since the dsPIC33F does not have a floating point hardware unit. In future up-
grades, the autopilot will probably use a faster processor that includes floating point
hardware support. This will allow more of the computation to be done on-board and
to for the autopilot to utilize more sensors, ultimately moving away from Vicon aided
flight.
As mentioned above, the main interface between the autopilot and the off-board
computer is via an xBee radio. Experiments have found the performance of these
radios quite poor when they are tasked with high speed bi-directional communication.
Therefore, rather than transmit back pertinent sensor data during vehicle flight to be
logged on the off-board computer, the autopilot uses a second serial port to directly
log data to a mini SD card. Flight data is logged via an OpenLog data logger from
Sparkfun [54] at 115.2 kilobits per second. The data can then be easily imported into
a computer and analyzed.
4.2.2 Acceleration Control
The primary roll of the acceleration control loop, run on an off-board PC, is to
generate the desired attitude, angular rate, motor, and pitch commands needed to
stabilize and track reference position, velocity, and acceleration commands. The
controller uses reference values from the trajectory generator and measured values
from the motion capture system to compute a desired linear acceleration and jerk in
each of the three Cartesian coordinates. These desired accelerations and jerks are then
mapped into desired attitudes, angular rates, and a desired total force as described
in Section 3.2. The desired values are sent to the quadrotor over the wireless radio
at 100 Hz (the rate is limited by the speed of the radio).
The acceleration control loop is designed around the assumption that the attitude
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dynamics are “fast” relative to the position, velocity, and acceleration dynamics.
Essentially, the outer control loop assumes that the desired attitude and angular rates
sent to the quadrotor are instantaneously achieved. In practice, this assumption is well
validated as the attitude and angular rates track the reference inputs well. Example
attitude and attitude rate data is presented in Section 5.4.
The desired total force as calculated in this loop is first computed in Newtons,
based on the mass of the vehicle and the desired accelerations. The force in Newtons is
then mapped to the non-dimensional motor and pitch settings (inputs to the electronic
speed controllers and servos) by fitting a function to experimental thrust data.
The software implementation of the acceleration control loop is greatly simplified
through strong utilization of the Robot Operating System (ROS) [58]. ROS is a free
and open source software package for robotics development and implementation. It
handles all of the needed message passing between the various software components,
with the exception of the wireless communication with the quadrotor which is handled
with custom code. This is a major departure from the infrastructure discussed in [1, 2]
where most, if not all, of the communication and code infrastructure was handled
with custom software. As indicated in Figure 4-4, the information from the motion
capture system is broadcast as ROS messages over an internal network. This enables
any other PC on the network to subscribe to the messages and obtain real-time state
information. ROS brings further benefits with the ability to plot, log, and replay
data.
4.2.3 Trajectory Generation
The trajectory generation code creates the reference position, velocity, acceleration,
and jerk commands that are sent to the acceleration control loop. The code is written
in MATLAB and utilizes a ROS-MATLAB bridge to send commands in real-time to
the other control loops. Since the trajectories being generated are time-parametrized
polynomials, the trajectory generator sends desired states based solely on the initial
position of the quadrotor and the current time. In practice, this strategy works quite
well with robust and repeatable flight performance attainable. However, further work
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Figure 4-6: The top level of the simulation environment developed using MATLAB’s
Simulink. The simulation captures the main dynamics of the vehicle while ignoring
aerodynamic effects. While never synced to real flight data, in practice the perfor-
mance of the simulation and the actual vehicle is quite similar.
in the area will attempt to parametrize the trajectory polynomials by something other
than time, such as percentage of the trajectory traveled, in order to close the loop
around the trajectory generator and account for the current state of the vehicle when
giving reference commands.
4.3 Simulation Environment
Critical to the success of the variable-pitch quadrotor is a 13-state simulator used to
test controller algorithms and simulate trajectories before trying them on the actual
hardware. The simulation is implemented in MATLAB’s Simulink environment. The
top level of the simulator block diagram is shown in Figure 4-6. The dynamic equa-
tions of motion (Equation 4.2-4.5) embedded in the simulator are standard first-order
differential equations for a rigid body, here referenced from Chapter 11 of [59]. These
equations are solved in the simulation environment using MATLAB’s ode45 solver
with a variable time step size. The quadrotor is visualized using a 3D plotter.
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The simulation captures the main dynamics of the vehicle while ignoring effects
such as aerodynamic drag. Thus, the simulation environment is obviously not a
perfect representation of the physical quadrotor; however, repeated testing of the
hardware has shown the simulation to perform similarly to the quadrotor. In general,
if a maneuver or controller is feasible in the simulation, it will work on the physical
hardware. Also, if a maneuver or controller is infeasible in the simulation, it will
definitely not work on the physical hardware.
4.4 Summary
The variable-pitch quadrotor, both hardware and control software, is almost entirely
custom designed. The hardware uses typical RC airplane components and is built
to minimize vibrations induced by the motors and variable-pitch actuators. The
quadrotor is controlled with a custom autopilot which allows complete control over
the lowest level of quadrotor control. The off-board control software is based on ROS
and is written to be modular and easy to debug problems. Finally, a simulation
environment built in MATLAB allows for quick prototyping of new maneuvers and
control laws.
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Chapter 5
Experimental Results
5.1 Introduction
Results of the control and trajectory generation techniques developed in Chapter 3
as implemented on the variable-pitch quadrotor are presented in this chapter. All the
flights are performed in the RAVEN flight testing facility at MIT [1, 2].
In terms of the trajectory generation algorithm presented in Section 3.4, the
variable-pitch quadrotor is advantageous because the addition of negative thrust more
than doubles the effective thrust range for each of the four motors when compared to
an equivalently powered fixed-pitch quadrotor. The reverse thrust capabilities of the
variable-pitch quadrotor enable both inverted flight and vertical decelerations higher
than gravity. As discussed in Chapter 2, variable-pitch propellers also increase the
available controller bandwidth by effectively cancelling the motor dynamics. The
variable-pitch propellers are thus able to change thrust substantially faster than cor-
responding fixed-pitch propellers.
Flight results in this chapter demonstrate the ability of the quadrotor to track
paths upright and inverted, to quickly decelerate, and to perform aerobatic maneuvers
using the position-based trajectory generation method.
85
Figure 5-1: The quadrotor during inverted flight. The symmetry introduced by the
variable-pitch propellers allows the quadrotor to track reference commands equally
well upright or inverted.
5.2 Inverted and Upright Tracking
The variable-pitch quadrotor utilizes symmetric propellers. Combined with the in-
herent symmetry of the vehicle design, these propellers permit the quadrotor to fly
equally well upright or inverted. The first set of flight results, shown in Figure 5-2,
demonstrate the ability of the vehicle track the same path in either the upright or
the inverted configuration.
5.3 Negative Thrust Decelerations
One of the primary advantages of the variable-pitch propellers for a quadrotor is
the ability to generate negative thrust. While this allows the vehicle to fly upside
down, it also brings the capability to decelerated quickly by momentarily reversing the
propeller pitch to create upwards thrust. This capability is highlighted in Figures 5-
3(a) and 5-3(b). In both figures, the quadrotor reference commands are the same;
however, in variable-pitch mode the quadrotor is able to track the reference position
command with only 1% overshoot compared to 60% overshoot when flying in fixed-
86
−1.5 −1 −0.5 0 0.5 1 1.5
−3.5
−3
−2.5
−2
−1.5
−1
−0.5
0
0.5
X (m)
Y 
(m
)
Position
 
 
Upright Flight
Inverted Flight
Reference
Figure 5-2: Path tracking qualities of the quadrotor. The vehicle is commanded
to follow the same path both upright and inverted. Symmetry in the vehicle and
propellers allow for similar flight characteristics upright or inverted.
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(a) Variable-pitch flight data
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(b) Fixed-pitch flight data
Figure 5-3: Flight data for the variable-pitch quadrotor flying the same trajectory
in variable-pitch mode (5-3(a)) and in fixed-pitch mode (5-3(b)). The variable-pitch
propellers allow for faster decelerations and better tracking of the position reference
command.
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pitch mode. The improved tracking performance in Figure 5-3(a) is due primarily to
the large negative accelerations that are achieved only when the pitch of the propellers
is allowed to vary.
5.4 Flips
As described in Section 3.5, interested aerobatic maneuvers can be performed using
the trajectory generation method by embedding attitude constraints along the path.
The first example, snapshots of which are shown in Figure 5-4, shows the quadrotor
performing a 180 degree flip. The quadrotor is commanded to follow a parabolic
trajectory in the x-z plane, starting and stopping at hover, with a −g acceleration
constraint imposed in the middle. At the apex of the parabola, the quadrotor is
commanded to fly inverted, resulting in a 180 degree flipping maneuver.
Figure 5-5 shows the angular position and rate tracking abilities of the variable-
pitch quadrotor during the 180 degree flip. The entire maneuver takes less than
0.4 seconds and the quadrotor rotates at over 1000 degrees per second.
Next, a 180 degree flip is embedded into a translating path to demonstrate the
ability of the vehicle and algorithms to perform moving aerobatics. This maneuver is
shown in Figure 5-6. The vehicle starts and stops at hover and travels nearly 4 m/s
forward and 2 m/s upwards just before the flip.
Finally, snapshots of hardware results of the STARMAC-inspired backflip (simu-
lation results shown in Figure 3-5) are shown in Figure 5-7. The backflip is similar
to the translating 180 degree flip in Figure 5-6 except the quadrotor performs a full
360 degree flip. This maneuver proved quite difficult for the quadrotor to execute be-
cause it requires a relatively high deceleration after the flip. As the quadrotor exists
the flip the vehicle is moving nearly 3 m/s forward and over 2 m/s downwards. The
vehicle requires nearly full thrust to slow to a stop.
Videos of these flight experiments can be found at http://www.youtube.com/
user/AerospaceControlsLab.
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(a) (b) (c)
(d) (e) (f)
Figure 5-4: Variable-pitch quadrotor performing a 180 degree flip by embedding a 90
degree roll constraint at the top of an arc in the X-Z plane.
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Figure 5-5: Commanded and measured roll and roll rate values from the quadrotor
following a flipping maneuver. The measured values come from the on-board rate
gyros. The flip takes less than 0.4 seconds to complete. Snapshots of the quadrotor
during the flip are shown in Figure 5-4.
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Figure 5-6: The quadrotor performing a translating 180 degree flip. The vehicle starts
and ends at hover and performs a half back flip in the middle of the path. The vehicle
travels forward at nearly 4 m/s during the maneuver.
(a) (b) (c)
(d) (e) (f)
(g) (h) (i)
Figure 5-7: Variable-pitch quadrotor performing a 360 degree translating backflip.
Simulations of this backflip are shown in Figure 3-5. This maneuver was inspired by
the Stanford STARMAC project.
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Chapter 6
Conclusion
6.1 Summary
This thesis details the design, development, and control of a variable-pitch quadrotor
helicopter. The purpose of the variable-pitch quadrotor is to overcome fundamental
limitations of fixed-pitch quadrotors without introducing the mechanical complexity
of a pod-and-boom style helicopter. The variable-pitch quadrotor accomplishes this
goal by increasing the actuator bandwidth and increasing the available thrust. In
particular, the variable-pitch quadrotor allows for inverted flight and decelerations
greater than gravity. These capabilities greatly increase the possible aggressive and
aerobatic maneuvers that the quadrotor can perform as compared with a fixed-pitch
quadrotor.
The main contributions of this thesis are (1) a detailed analysis of the benefits of
variable-pitch propellers over fixed-pitch propellers for a quadrotor helicopter; (2) the
design and implementation of closed-loop attitude and acceleration controllers with a
trajectory generation algorithm for utilizing the increased actuator capabilities of the
variable-pitch quadrotor; and (3) the construction and flight testing of a variable-pitch
quadrotor, validating the actuator analysis and control design.
Chapter 1 gives background information on the recent multi-copter movement
in the aerospace community, particularly among academic researchers and hobbyists.
Some of the recent work on aggressive and aerobatic autonomous flight is highlighted,
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with a particular emphasis on work performed by quadrotor helicopters flown indoors.
In Chapter 2, a detailed analysis and comparison of fixed-pitch and variable-pitch
actuators for a quadrotor is performed. This analysis is verified using both bench
motor testing and full hardware testing. Variable-pitch propellers are shown to yield
a substantial increase over fixed-pitch propellers in the available thrust rate of change.
Also, variable-pitch propellers can be utilized to generate negative thrust, increasing
the potential for aerobatics and allowing for inverted flight.
A nonlinear, quaternion-based control scheme is outlined in Chapter 3. The con-
troller does not rely on near-hover assumptions and avoids singularities by using
quaternions. Also, the quaternion framework makes the controller computationally
easy to implement on an embedded computer. A trajectory generation algorithm
is also presented with an optimization routine for finding minimum-time trajecto-
ries relative to the actuator saturation bounds. Example simulation trajectories are
shown.
An overview of the hardware design process and software infrastructures is pre-
sented in Chapter 4. The variable-pitch quadrotor built for the project is custom
designed and uses a combination of custom and commercial parts. Low-level attitude
control is performed using a custom autopilot. The autopilot allows for complete
control of the control algorithms and access to on-board state data. Off-board con-
trol is performed with the assistance of a Vicon motion capture system that provides
accurate position and attitude measurements of the vehicle.
Lastly, Chapter 5 presents some flight results of the variable-pitch quadrotor flying
the control and trajectory generation algorithms from Chapter 3. The quadrotor flies
trajectories both upright and inverted and is able to autonomously transition from
upright to inverted flight.
6.2 Future Work
Significant future work remains in order to fully understand and exploit the capa-
bilities of the variable-pitch quadrotor, particularly in the area of control design and
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trajectory generation. As with many robotic platforms, the hardware is still more
capable than the software controlling it. When controlled by expert pilots, conven-
tional RC helicopters perform amazing aerobatics and aggressive flight. Given the
correct control commands, the variable-pitch quadrotor should be capable of per-
forming many of the same aerobatic maneuvers. The flight results in Chapter 5 show
initial progress in this area; however, many more flight results could be obtained.
Some main areas of future work needed in order to obtain these flight results include
(1) developing a control law that accounts for aerodynamic effects, (2) relaxing the
requirement that commanded paths do not command free-fall, and (3) designing more
precise variable-pitch actuators.
The control methodology outlined in Section 3.2 essentially models the quadrotor
as a point mass that can generate thrust in any direction. The acceleration control
loop generates a commanded thrust magnitude and direction and assumes that the
attitude control loop quickly matches the commanded values. These assumptions
appear to be well validated when the vehicle velocity is low (less than about 4 m/s);
however, when the velocity increases, the vehicle often starts deviating from the
commanded path. Some of this deviation can be attributed to a lack of aerodynamic
information in the control model, since aerodynamics effects become more significant
as the vehicle velocity increases. Similar deviations at high velocities due to inaccurate
modeling of aerodynamic effects was noted in [37].
The closed-loop control requires that the vehicle have some non-zero commanded
thrust for the algorithm to compute the required attitude and attitude rates. There-
fore, if the desired path commands free-fall for a finite amount of time, the current
control algorithm cannot compute the necessary attitude and attitude rates during
the free-fall. It may be necessary to switch to an attitude-specific control law during
vehicle free-fall to avoid this singularity.
Finally, the variable-pitch quadrotor hardware could benefit from better designed
variable-pitch actuators. As mentioned in Chapter 4, the variable-pitch actuators used
in this thesis were designed for RC airplanes and exhibit some slop in the commanded
pitch setting. Variable-pitch actuators capable of more precise pitch settings could
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both decrease the vibration in the vehicle and increase the flight performance by
improving the position and attitude tracking capabilities.
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Appendix A
Quaternions
A detailed description of quaternions and their use as rotation operators can be found
in [38]. For reference, a few of the common properties of quaternions are presented
here.
When used to represent rotations, a quaternion consists of a scalar number defining
the angle of rotation and a scaled unit vector defining the axis of rotation. There is
no universal standard for the ordering of the elements of a quaternion. In this thesis
the quaternion convention
q =
q0
~q
 =

q0
~qx
~qy
~qz

is used, where q0 is the scalar portion and ~q is the vector portion of the quaternion.
Quaternion multiplication is denoted in this thesis by the symbol ⊗ and is defined
in terms of cross and dot products as
q⊗ p =
q0
~q
⊗
p0
~p
 =
 q0p0 − ~q · ~p
q0~p+ p0~q + ~q × ~p

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and in terms of scalar multiplications as
q⊗ p =

q0p0 − ~qx~px − ~qy~py − ~qz~pz
q0px + ~qxp
0 + ~qy~pz − ~qz~py
q0py − ~qx~pz + ~qyp0 + ~qz~px
q0pz + ~qx~py − ~qy~px + ~qzp0

Note that quaternion multiplication is not commutative.
The quaternion conjugate, similar to the inverse of a rotation matrix, is defined
as
q∗ =
 q0
−~q

and, when multiplied with itself, yields the identity quaternion.
q⊗ q∗ = q∗ ⊗ q =
[
1 0 0 0
]T
Quaternions can be used to represent the attitude of a body by representing the
attitude as a rotation from a fixed frame to the body’s frame. When the fixed frame
is the inertial frame, the quaternion describes the inertial attitude of the body. The
angle of rotation, θ, described by the quaternion and the unit rotation vector, ~u, are
related to the elements of the quaternion as
θ = 2 cos−1(q0)
~u =
~q
sin θ
2
.
Thus, given that ‖~u‖ = 1, it is clear that q is a unit quaternion since
‖q‖ = √q∗ ⊗ q = 1
Utilizing the conjugate properties of the quaternion, quaternions can be used to
rotate vectors between reference frames. The quaternion rotation operation that
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rotates the vector v in R3 from frame a to frame b is defined as 0
vb
 = q∗ ⊗
 0
va
⊗q,
97
THIS PAGE INTENTIONALLY LEFT BLANK
98
Appendix B
Compute Angular Acceleration
Similar to the calculation of angular velocities in Section 3.2, the angular accelera-
tions of the quadrotor can be related to the linear snap of the quadrotor, provided
the linear acceleration is non-zero at all points along the path. Although the angu-
lar accelerations are not used for the real-time control scheme, they are needed for
the path optimization explained in Section 3.4.1. Using the Transport Theorem to
differentiate Equation 3.17 yields
¨¯Fi = Ωbd × (Ωbd × ˙¯Fi) +
d
dt
Ωbd × ˙¯Fi. (B.1)
Equivalently, the time derivative of Equation 3.12 is calculated explicitly as
¨¯Fi =
d
dt
(
F˙i
‖Fi‖ −
Fi(Fi
T
F˙i)
‖Fi‖3
)
(B.2)
=
F¨i
‖Fi‖ −
2F˙i(Fi
T
F˙i) + Fi(F˙i
T
F˙i) + Fi(Fi
T
F¨i)
‖Fi‖3 +
3Fi(Fi
T
F˙i)
‖Fi‖5 (B.3)
Rearranging Equation B.1 gives the desired body-frame angular acceleration vector
projected onto the body-frame x-y plane. The yaw angular acceleration is calculated
by differentiating the yaw command twice.
Ω˙bdXY = F¯
i ×
[
¨¯Fi −Ωbd × (Ωbd × ˙¯Fi)
]
(B.4)
ΩbdZ = ψ¨d (B.5)
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